A normal field on a spacelike surface in R 4 1 is called bi-normal if K ν , the determinant of Weingarten map associated with ν, is zero. In this paper we give a relationship between the spacelike pseudo-planar surfaces and spacelike pseudoumbilical surfaces, then study the bi-normal fields on spacelike ruled surfaces and spacelike surfaces of revolution.
Introduction
Let α : I → R 3 be a bi-regular parametric curve. A long this curve, the vector field defined by
is called the bi-normal field of α. A bi-normal vector can be seen as a direction whose the corresponding height function has a degenerate (non-Morse) critical point. Let M be a regular surface in R 4 1 (or R 4 ) and f v be the height function on M associated with a direction v. By analogy with the case of curves in R 3 , a direction v is called a binormal direction of M at a point p if the height function f v has a degenerate singularity at p. The height function f v having a degenerate singularity means that its hessian is singular.
them [17] in 1999. These methods are used later by M.C. Romero-Fuster and F. Sánchez-Brigas ( [19] , Theorem 3.4, 2002) to study the umbilicity of surfaces. The first section of this paper shows that there exist pseudo-planar surfaces are not pseudo-umbilic, defines the number of bi-normal fields on the pseudo-umbilical surfaces and gives some interesting corollaries.
In the second of this paper we show that each point on the spacelike ruled surfaces admits either one or all bi-normal directions, a spacelike ruled surface is pseudo-umbilic iff umbilic.
In the third section of this paper we show that the spacelike surfaces of revolution admit exactly two bi-normal fields whose asymptotic fields respectively are orthogonal. Therefore, they are pseudo-umbilic but not umbilic.
The final section of this paper shows that the number of bi-normal fields on the rotational spacelike surface whose meridians lie in two-dimension space are depended on the properties of its meridian.
Bi-normal Fields on Pseudo-umbilical Surfaces
For the surfaces in R 4 Romero Fuster [19] showed that pseudo-umbilical surfaces are pseudo-planar; moreover, their two asymptotic fields are orthogonal. These results are also true for spacelike surfaces in R 4 1 , and I would like to show it here. Notice that there exist the pseudo-planar spacelike surfaces are not pseudo-umbilic, let see Example 1.2 and Example 1.3. We have the similar example for surfaces in R 4 .
The following theorem shows that the pseudo-umbilical spacelike surfaces are pseudoplanar and gives us the number of bi-normal fields on them. Theorem 1.1. Let M be a spacelike surface in R 4 1 . If M is pseudo-umbilic (not pseudoflat) then it admits either one or two bi-normal fields. Moreover, M admits only one bi-normal field iff it is umbilic.
Proof. Suppose that M is ν-umbilic (not ν-flat). Let n be a normal field on M such that {X u , X v , ν, n} is linearly independent and k is ν-principal curvature. Given a normal field B, then we have the following interpretation
where λ, µ are smooth functions on M. Suppose that the coefficients of the fist fundamental form of M satisfy g 11 = g 22 = ϕ, g 12 = 0, then we have
where γ = µ ϕ
. Since ν is not bi-normal, µ = 0. Then the equation (1) can be rewrote by
It is from (b
that the equation (2) The following example gives a spacelike surface admitting one bi-normal field but not pseudo-umbilic. Example 1.2. Let M be a surface given by following parameterization
The coefficients of the fist fundamental form of M are determined by
Therefore, M is a spacelike surface. Let n = (n 1 , n 2 , n 3 , n 4 ) be a normal field on M. That means
Using (5) the coefficients of the second fundamental form associated with n are
So,
Connecting (5), (6) and (7) we imply that n is a bi-normal field on M if and only if
That means M admits only one bi-normal field
It is a unit timelike normal field. Since
On the other hand the n-principal curvatures are the solutions of the following equation
Therefore, M is n-umbilic if and only if b n 11 = b n 12 = 0. Which doesn't take place, by connecting (5), (6) and (7). So, M is not pseudo-umbilic.
Even when M admits two bi-normal fields, it is not pseudo-umbilic. Let see the following example. Example 1.3. Let M be a surface given by following parameterization
It is easy to show that M is spacelike and {n 1 , n 2 } is a frame of the variable normal bundle, where
The coefficients of the second fundamental form associated with n 1 and n 2 are
Therefore, both n 1 and n 2 are not bi-normal. Fore each normal field n on M we have the following interpretation
and
Since b 
where λ is the variable. Since
for each normal field n, M is not n-umbilic. It means that M is not pseudo-umbilic.
Corollary 1.5. Let M be a surface contained in the a pseudo-sphere (Hyperbolic or de Sitter). Then the following statements are equivalent.
(1) M is umbilic, (2) M admits only one bi-normal field, (3) M is contained in a hyperplane. Corollary 1.6. The following statements are equivalent.
(1) M is locally umbilic.
(2) M is locally contained in the intersection of a Hyperbolic (or de Sitter) with a hyperplane.
(3) M locally admits only one bi-normal field B and ν-umbilic (not ν-flat), for some normal field ν. 
where α(t) is a differential curve in R 4 1 and W (t) is a smooth vector field along α(t). A ruled surface M is called developable if its Gaussian curvature identifies zero. It is from X u = W (t), X t (0, t) = α ′ (t) and M is spacelike that both W (t) and α ′ (t) are spacelike. We can assume that |W | = |α ′ | = 1 and W, α ′ = 0. The coefficients of the first fundamental form of M are
Since M is spacelike, W ′ , W ′ > 0. Let n be a normal field on M, the coefficients of the second fundamental form associated n are defined as following
The following proposition gives us the number of bi-normal directions at each point on a ruled surface.
Proposition 2.1. Let M be a ruled spacelike surface given by (10), we then have:
1. at the point such that {α ′ , W, W ′ } is linearly dependent each normal vector is binormal direction; 2. at the point such that {α ′ , W, W ′ } is linearly independent M admits only one binormal direction.
M is pseudo-umbilic if and only if umbilic.
Proof.
Since
Therefore, by using (12), we imply that each normal vector on M is bi-normal direction.
n is an unit bi-normal direction if and only if
It is followed from the fact that α ′ , W, W ′ are spacelike that the unique unit binormal direction on M is timelike.
3. Since M admits only one bi-normal field, it is followed Theorem 1.1 that M is pseudo-umbilic iff umbilic. 3. Similarly the results on the surfaces in R 4 (see [14] ), it is easy to show that if a spacelike surface M is planar and the causal character of its ellipse curvature (see [9] ) is invariant then M is a ruled developable surface.
Lane [13] showed that if a ruled surface in R 4 is minimal then it is contained in a hyperplane and of course it is either plane or helicoid. We have the same results for the maximal ruled spacelike surfaces in R 3 Bi-normal Fields on Spacelike Surfaces of Revolution Let C be a spacelike curve in span{e 1 , e 2 , e 4 } parametrized by arc-length,
The orbit of C under the action of the orthogonal transformations of R 4 1 leaving the spacelike plane Oxy,
is a surface given by
The coefficients of the first fundamental form of [RH] are
It follows that [RH] is a spacelike surface, which is called the spacelike surface of revolution of hyperbolic type in R . From now on we always assume that f ′ = 0, g ′ = 0 and ρ ′ = 0. Proof. (a) Let n = (n 1 , n 2 , n 3 , n 4 ) be a normal field on M, we have
That means
Since (14),
where b n ij are the coefficients of the second fundamental form associated with n of [RH] . On the other hand we have
So, {X u , X v , X uu } is linearly independent. Therefore, b n 11 = 0 if and only if n is parallel to
It is easy to show that b n 22 = 0 if and only if n is parallel to B 2 = (−g ′ , f ′ , 0, 0). X v then is asymptotic field associated with B 2 .
Since 
0 . Romero Fuster et. al [17] showed that there always an open region of a generic, compact 2-manifold in R 4 all whose points admit at least one bi-normal direction and at most n of them. This result is not true in the general case. This section gives a class of spacelike surfaces whose points can admit non, one, two or infine bi-normal directions. It is similar to them on R 4 .
Let C be a spacelike curve contained in span{e 1 , e 3 } and parametrized by r(u) = (f (u), 0, g(u), 0) , u ∈ I,
be a orthogonal transformations of R 4 1 , where u ∈ J ⊂ R and α, β are positive constants. The orbit of C under the action of the orthogonal transformations A is a surface [RS] given by
The coefficients of the first fundamental form of [RS] are 
(−βg sin αv, βg cos αv, αf sinh βv, αf cosh βv) , then the coefficients of the second fundamental form associated to n 1 and n 2 are defined by .
Therefore, 
For example X(u, v) = e 2u cos v, e 2u sin v, e −u cosh v, e −u sinh v , u > 1, v ∈ (0, 2π).
It is similar to the rotational spacelike surfaces whose meridians lie in two-dimension planes of type II. This result is also true for the rotational surfaces whose meridians lie in two-dimension planes in R 4 .
